We show that the relativistic signatures on the transition probability of atoms moving through optical cavities are very sensitive to their spatial trajectory. This allows for the use of internal atomic degrees of freedom to measure small time-dependent perturbations in the proper acceleration of an atomic probe, or in the relative alignment of a beam of atoms and a cavity.
I. INTRODUCTION
Quantum metrology provides techniques to make precise measurements which are not possible with purely classical approaches. In quantum metrology protocols such as quantum-positioning and clock-synchronization [1, 2] , the exploitation of quantum effects such as quantum entanglement has allowed for a significant enhancement of the precision in estimating unknown parameters as compared to classical techniques [3] .
On the other hand, there exist metrology settings where general relativistic effects play an important role in establishing the ultimate accuracy of the measurement of physical parameters [4] . It is thus pertinent to introduce a framework where relativistic effects are considered even in quantum metrology schemes [5] , where it is relevant to study how (or if) incorporating relativistic approaches to quantum metrology may increase the precision and accuracy of the estimation and measurement of physical parameters.
In this paper we focus on finding suitable quantum optical regimes where the response of particle detectors becomes extremely sensitive to small variations of the parameters governing their motion, incorporating relativistic effects. Our goal is to assess the sensitivity of the response of particle detectors to such variations, in turn allowing for the precise measurement of such parameters.
In particular, we consider a setting in which an atomic detector crosses a stationary optical cavity while undergoing constant acceleration. The suitability of such settings as theoretical accelerometers was studied in [6] , where it was shown that a detector's response is sensitive to variations of its proper acceleration. We will show that near the relativistic regimes, the detectors' response becomes highly sensitive to these small perturbations. We will optimize this sensitivity so as to be able to exploit it for quantum metrological effects.
We consider two different scenarios of metrological interest. In the first, we study the sensitivity of the response of the detector to time-dependent variations of its proper acceleration. Specifically, we consider a uniformly accelerated atomic detector crossing an optical cavity with constant proper acceleration that undergoes a small harmonic time-dependent perturbation. If the system alignment is tuned, we might wonder how sensitive it is to the amplitude and frequency of the perturbation.
In the second scenario we study the sensitivity of the detector's response to variations of its trajectory. To accomplish this, we consider small harmonic perturbations of the spatial trajectory of a uniformly accelerated observer. We explore how sensitive this setting is to the amplitude and frequency of the perturbation, thus providing a setting to measure the wellness of the atom's trajectory alignment with respect to the cavity frame.
To this end, the outline of our paper is as follows. In sec. II, we introduce two physical settings including the methodology for investigating our two scenarios. Sec. III, contains a discussion of our results. Sec. IV contains our concluding remarks.
II. THE SETTING
In this section we consider two different scenarios in which we want to precisely measure different parameters of the trajectory of an atomic probe. For the first scenario, which we will call the accelerometer setting, we consider an atomic probe following a constantly accelerated trajectory, but whose proper acceleration undergoes a harmonically time-dependent perturbation. In the second scenario, which we will refer to as the alignment metrology setting, we consider that the atomic probe's trajectory undergoes small harmonic perturbations as seen from the lab frame, so as to be able to measure the precision of the alignment of a cavity with a beam of atomic detectors.
In both scenarios we model the light-atom interaction by means of the Unruh-DeWitt model. Although simple, this model captures the fundamental features of the coupling between atomic electrons and the EM field involving no exchange of orbital angular momentum [7, 8] .
A. A quantum accelerometer
Particle detectors with time dependent accelerations have been previously studied in [9, 10] , where the response of an Unruh-DeWitt detector with time dependent acceleration in the long time regimes has been considered in a flat spacetime with no boundary conditions. We would like to study how sensitive the detector response is to time-dependent perturbations of its proper accelerations in the short-time regime and in optical cavity settings.
In order to analyze this accelerometer setting, let us first consider the parametrization of the trajectory of an atomic probe for a general time dependent trajectory in terms of the probe's proper time τ [11] :
where
represents the atom's instantaneous speed, and a(τ ) is the instantaneous proper acceleration of the probe. For our purposes, we consider that the probe undergoes a constant acceleration, which is disturbed by a small harmonic perturbation:
and γ are the respective relative amplitude and frequency of the harmonic perturbation.
The general form of the trajectories for both perturbed and constant accelerations is shown in Fig. 1 . In our setting, to find the transition probability of the detector, we let it cross a cavity of length L with an initial velocity ξ 0 and we measure its excitation probability for the period of time T that it spends traveling the full length of the cavity. The Hamiltonian that describes our system generates translations with respect to time τ in the detector's proper frame. This Hamiltonian consists of three terms:Ĥ 
We model the detector-field interaction with the wellknown Unruh-DeWitt interaction [12, 13] 
where the constant λ is the coupling strength, χ(τ ) is the switching function or time window function controlling the smoothness of switching the interaction on and off.μ(τ ) is the monopole moment of the detector and φ [x(τ )] is the massless scalar field to which the detector is coupling. We consider the coupling constant to be a small parameter so we can work with perturbation theory to second order in λ. In our setting, the switching function is nonvanishing only during the time the atom spends in the cavity, i.e., χ(τ ) = 1 during 0 ≤ τ ≤ T .
The monopole moment operator of the detector has the usual form in the interaction picture [14] [15] [16] ,
in which, Ω d is the proper energy gap between the ground state, |g and the excited state, |e of the detector and σ − and σ + are ladder operators. Expanding the field in terms of an orthonormal set of solutions inside the cavity yields the Hamiltonian in the interaction picture [15] 
(8) We will consider Dirichlet (reflective) boundary conditions for our cavity,
and since we are in the Minkowski background, the field modes take the form of stationary waves
To characterize the vacuum response of the particle detector undergoing trajectory (1), we initially prepare the detector in the ground state and the field in the optical cavity in a coherent state |α . We choose the coherent state to be in the j-th cavity mode with frequency ω j = jπ/L, while the rest of the cavity modes are in the ground state. This way the main effects will not come from vacuum fluctuations but will instead be amplified by the stimulated emission and absorption of the atom coupled to the coherent state [17, 18] . Therefore the initial state of the system will be
While passing through the cavity, the detector spends a period of time T inside the cavity. Time evolution of the system is governed by the interaction Hamiltonian (8) in the proper frame of the detector. We define a time evolution operator for the detector inside the cavity to bê
+... (12) Therefore the system's density matrix at the time T would be evaluated as [17] 
(13) Using the interaction Hamiltonian and the time evolution operator we defined above, the first order term of the perturbative expansion takes the following form
where I ±,n is
To compute the density matrix for the detector, ρ
T , we need to take the partial trace over the field degrees of freedom [17] . The leading contribution comes from second order in the coupling strength, λ and the final form of the detector density matrix will be [19] 
which yields
P α is the transition probability of the detector from the ground state to the first excited state to leading order in perturbation theory, given by [18] 
where α is the amplitude of the coherent state.
B. Alignment metrology
In the alignment metrology setting, we study the sensitivity of the response of a detector to small harmonic spatial perturbations of its otherwise constantly accelerated trajectory, and analyze its possible use as a witness of the relative alignment of an optical cavity with a beam of atomic detectors. In this setting, the atomic probes move along a constantly accelerated trajectory which undergoes a spatial perturbation that is harmonic in the cavity's reference frame, (x, t):
where and γ are characterizing the amplitude and frequency of the perturbation, respectively. In this case, since the motion is analyzed from the lab's frame, we need to find the (rather non-trivial) relationship between the proper time of the accelerated atom and the cavity frame. The relationship between the cavity frame's proper time and the atomic probe's proper time can be worked out from
Solving this differential equation for dτ /dt together with (19) yields
(21) The general form of this trajectory is shown in Fig. 2 for both the perturbed and the non-perturbed cases. The non-perturbed (blue-dashed curve) and perturbed (green-solid curve) trajectory for the alignment metrology detting. The trajectory is parameterized in the lab's frame (x, t).
While crossing the cavity, the detector spends a period of time T in traversing the full length along its trajectory. In order to find the time evolution of the system, we first need to find the form of the atom-field Hamiltonian that generates evolution for the entire system with respect to the time coordinate of the lab frame, t. The way to obtain this is explained in detail in [15] . The correct time-reparametrization of (5) in terms of t is given bŷ
The monopole moment operator takes the usual form
and interaction Hamiltonian becomeŝ
with
Working in this frame, the form of the function I ±,n in the time evolution operator (14) turns into
Using the same approach as in the accelerometer setting, for characterizing the vacuum response of the particle detector undergoing trajectory (19), we prepare a coherent state (11) for the scalar field to which the ground state of the detector is coupled and find the transition probabilities from (18) .
III. RESULTS
The transition probabilities of atomic detectors crossing the cavity contain information about the parameters characterizing the detectors' motion. Of course, we would not want to use perturbations of the Unruh temperature as a means to characterize the the trajectory of the detector. This would be a rather futile endeavour since the the Unruh temperature itself is something extremely difficult to measure, let alone small perturbations of it. Instead, we will operate in a non-equillibrium regime where the detector will not have enough time to thermalize with the 'modified' Unruh radiation. Therefore, we let the detector spend a small amount of time inside the cavity such that it does not thermalize with its environment. On top of that, and as discussed above, we consider a coherent state background which helps amplify the signal. This is the reason why we may expect our system to show more sensitivity to the atom's trajectory. In this section, we analyze the sensitivity of the response of the detectors to perturbations in the kinematical parameters of the detectors' trajectory that we want to measure, both in the accelerometer and the alignment settings.
A. A quantum accelerometer
We focus first on the accelerometer setting, in which there might be small fluctuations of the probe's acceleration of the detector in its own proper frame. We will model this by assuming that the proper acceleration of a set of uniformly accelerated detectors is perturbed by a small harmonic function. One possible way to think about these time dependent oscillations is associate them with possible inexactnesses in the measure of the acceleration in the proper frame of the detector, so that through relativistic quantum effects we may expect to be able to use the internal degree of freedom of the atomic probe to increase the accuracy in exactly determining this proper acceleration.
With this aim, we study the sensitivity of the transition probability of the detector to the amplitude of the harmonic perturbations and characterize the spectral response of the setting to the specific frequency range of the perturbations. The detector's trajectory (with a harmonically perturbed acceleration) is given by inserting (4) in (1) .
To study how sensitive the setting is to the parameters of the perturbation, we will analyze the following sensitivity estimator:
where P ( , γ) is the transition probability of the detector with a perturbed acceleration given by (4), and P (0, γ 0 ) is the transition probability for a constantly accelerated detector whose trajectory is unperturbed. Fig. 3 shows the explicit dependence of the sensitivity estimator (27) on the parameters characterizing the perturbation,. Namely, it shows the sensitivity of the response of the detector to the amplitude of the perturbations for different values of acceleration, whereas the spectral response of the sensitivity to different values of the perturbation frequency (γ) is shown in Fig. 4 . As one can observe in Fig. 3 , for small accelerations, closer to the regimes where the atom does not attain relativistic speeds while crossing the cavity, the sensitivity (to acceleration perturbations) of the detector's transition probability is monotonic on the amplitude of the perturbations. However, for large accelerations the sensitivity does not behave monotonically, and there appear specific amplitudes for which the sensitivity dips. The spectral response displayed in Fig. 4 shows that the response of the detector is always more sensitive to the lower frequencies. The behaviour for higher frequencies depends on the energy gap of the atomic probe. For a fixed gap, the sensitivity of the probe seems to be exponentially suppressed as the frequency of the perturbations grows. One possible way to understand this is that when the frequency of the harmonic acceleration perturbation is much higher than the frequency associated with the transition of the atom, the the atomic probe is primarily responsive to its average constant acceleration; the perturbations are much faster than the dynamics of the atom and so become invisible to it. However, as we see in Fig. 4b) , it is possible to adjust the gap of the atomic transition used as a probe to tune out to a specific frequency range of the perturbations.
In Fig. 4c ), we show how sensitive the response of the atomic probes is to the length of the cavity they're transversing. This in turns also determines how much relativistic the probes are when existing the cavity for constant acceleration. These curves also suggest that it may be possible to use similar settings as a means to determine the length of an optical cavity.
Of course, the sensitivity estimator we studied only gives us an idea of the potentiality of these settings for the measurement of the parameters of the perturbation. A more realistic practical implementation of such settings would require considerable effort. For example this might be implemented by comparing one setting where all the parameters are known with another setting where the parameters are not known. The comparison of the transition rates of beams of atoms in these two settings may reveal the information about the parameters to be determined. In such a comparison the estimator built here becomes relevant.
B. Alignment metrology
In the alignment setting we assume that the trajectory of uniformly accelerated detectors is perturbed by a small harmonic motion, that we could, for instance, ascribe to oscillations of the trajectory of the detector in the cavity frame. These can be understood as time dependent imprecisions in the alignment of the setting with the optical cavity.
Here we study the sensitivity of the detector's response to the amplitude of the harmonic perturbations and characterize the spectral response of the setting to the frequency of perturbations. We consider the spatial perturbation as expressed in equation (19) . Since in the derivation of the parametrization of the detector's world line (21) we linearized in the amplitude of the perturbation , we only consider small amplitudes 0 < < 0.1 in our study. The sensitivity of the response of the detector as a function of the amplitude for different values of acceleration and different frequencies are shown in Fig. 5a ) and b) respectively. We estimate this sensitivity by using the same quantity (27) as in the accelerometer setting with the only difference that P ( , γ) represents transition probability of the detector with a spatially perturbed trajectory which is otherwise constantly accelerated.
As shown in Fig. 5a ) for small accelerations where the system is closer to nonrelativistic regimes, the detector's response shows more sensitivity to the perturbation of its trajectory than in the case of higher accelerations (relativistic regimes). In contrast to the previous case of perturbations in the probe's proper acceleration, we see from Fig. 5b ) that the detector's response is less sensitive to low frequency perturbations of its spatial trajectory. This is again reasonable, considering that higher the frequency of perturbations of the spatial trajectory in the lab frame, the more of an effective change they will have on the detector's proper acceleration; a high frequency spatial perturbation in the lab frame corresponds to a large instantaneous change of the proper acceleration of the detector. This in turn affects the response of the detector more dramatically than if the perturbation of the spatial trajectory is slow. As expected, the sensitivity increases monotonically as the amplitude of fluctuations grows, as seen in the figures. We display in Fig. 6 the spectral response of the sensitivity of the probe's excitation probability for a fixed amplitude of the perturbation for different values of the setting parameters: proper accelerations Fig. 6a) , cavity lengths Fig. 6b ) and detector gaps Fig. 6c) .
The general trend in all cases is that the transition probability of the detector presents dips for specific values of the perturbation frequency γ. In other words, there are some specific perturbation frequencies for which the sensitivity of the setting goes down abruptly, being the position of these dips is a function of the system parameters. This resonance-like effect that may be related with the spatial distribution of the cavity modes as seen from the reference frame of the atom whose trajectory is perturbed, but it seems to depend non-trivially on the system parameters and we have not been able to identify its exact origin through numerical analysis.
IV. CONCLUSIONS
We have analyzed the sensitivity of the response of a constantly accelerated atomic probe, transversing an optical cavity, when its trajectory is perturbed. We showed that the probe's transition probability is extremely sensitive to small deviations from constant acceleration. We conclude that the transition rate of a beam of atoms transversing optical cavity can provide information about its past spatial trajectory.
We have theoretically studied the potential of the use of an atomic internal quantum degree of freedom to design novel quantum metrology settings. In particular we considered two scenarios: one where the probe undergoes small time-dependent perturbations of its proper acceleration, and another one when the probe's trajectory experiences small spatial time-dependent perturbations as seen from the laboratory's frame.
The first scenario could correspond to an accelerometer setting where we use the internal degree of freedom of the atom to identify small time-dependent forces acting on the probe that will cause it to deviate from constant proper acceleration. The second scenario could correspond to an alignment measurement setting where we use the internal atomic degree of freedom to characterize small vibrations or imperfections of the alignment of an optical cavity with a beam of atoms transversing it.
While an analysis of a proper experimental implementation goes beyond the scope of this paper, these findings have a potential use in quantum metrology of optical setups. For instance one could compare one setting where all the parameters are known with another setting where they are not known. By analyzing the transition rates of different atomic beams, one could deduce the specific form of the trajectory of such beams with high precision. 
